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SCATTERING ON PERIODIC METRIC GRAPHS 


EVGENY KOROTYAEV AND NATALIA SABUROVA 

Abstract. We consider Schrddinger operators with real integrable potentials on periodic 
metric graphs. We show that the wave operators exist and are complete. Eurthermore, 
we prove that the standard Fredholm determinant is well-defined without any modification 
for any dimension. Moreover, the determinant is analytic in the upper half-plane and the 
corresponding S-matrix satisfies the Birman-Krein identity. The proof is based on a fiber direct 
integral for metric Laplacians and a detailed analysis of the eigenvalues and the corresponding 
eigenfunctions of the fiber operators. In particular, we show that all eigenfunctions of the 
Laplacian are uniformly bounded. 
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1. Introduction and main results 

1.1. Introdnction. We consider a Schrodinger operator H = Hq + Q on Z'^-periodic metric 
graphs r with unit-length edges, i.e., on the so-called Z'^-periodic equilateral graphs, d ^ 2. 
Here Ho = Am is a positive metric Laplace operator with Kirchhoff vertex conditions and 
Q is the real integrable potential. Differential operators on metric graphs arise naturally as 
simplified models in mathematics, physics, chemistry, and engineering. 

It is well-known that Am is self-adjoint and its spectrum consists of an absolutely continuous 
part plus an infinite number of fiat bands (i.e., eigenvalues with infinite multiplicity). The 
absolutely continuous spectrum is a union of an infinite number of spectral bands separated by 
gaps. The spectrum of metric Laplacians has deep relationships with the spectrum of discrete 
Laplacians A on the corresponding discrete graphs, see |B85j . [BGPOSj . |C97j and references 
therein. 

There are a lot of papers, and even books, on the spectrum of discrete and metric Laplacians 
on finite and infinite graphs (see |BK13] . |Ch97] . |CDS95] . |CDGT8^ . |P12] and references 
therein). 

There are results about spectral properties of discrete Schrodinger operators on the lat¬ 
tice Z'^, the simplest example of ZAperiodic graphs. Schrodinger operators with decaying 
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potentials on the lattice are considered by Boutet de Monvel-Sahbani [BS99j . Hundertmark- 
Sinion |HSn2] . Isozaki-Korotyaev |IK12] . Isozaki-Morioka |IM14] . Nakamura |Nal4] . Rosenblum- 
Solomjak [RoSn9] . Shaban-Vainberg |SVni] and see references therein. Gieseker-Knorrer- 
Trubowitz |GKT93] consider Schrodinger operators with periodic potentials on the lattice 
1?. Korotyaev-Kutsenko [KKIO] study the spectra of the discrete Schrodinger operators on 
graphene nano-ribbons in external electric helds. Ando |A12j considers the inverse spectral 
theory for the discrete Schrodinger operators with hnitely supported potentials on the hexag¬ 
onal lattice. 

The decomposition of discrete Schrodinger operators with periodic potentials on periodic 
graphs into a constant hber direct integral fll.4j) (without an exact form of hber operators) 
is discussed by Higuchi-Shirai |HSn4] . Higuchi-Nomura |HNn9] . Rabinovich-Roch [RROTj . In 
particular, they prove that the spectrum of Schrodinger operators consists of an absolutely 
continuous part and a hnite number of flat bands (i.e., eigenvalues with inhnite multiplicity). 
The absolutely continuous spectrum consists of a hnite number of bands (intervals) separated 
by gaps. The hber operator is determined by Korotyaev-Saburova |KS14aj . Moreover, they 
estimate the Lebesgue measure of the spectrum of the discrete Schrodinger operator in terms 
of geometric parameters of the graph and the potential. Furthermore, they estimate a global 
variation of the Lebesgue measure of the spectrum and a global variation of gap-length in 
terms of potentials and geometric parameters of the graph. 

Lledo-Post |LPn8] . Korotyaev-Saburova |KS14b] . |KS15a] describe a localization of spectral 
bands of Laplacians both on metric and discrete periodic graphs in terms of eigenvalues of the 
operator on hnite graphs (the so-called eigenvalue bracketing). 

Korotyaev-Saburova |KS15b] consider Laplacians on periodic equilateral metric graphs and 
estimate the Lebesgue measure of the bands and gaps on a hnite interval in terms of geometric 
parameters of the graph. 

Ehective masses for Laplacians on periodic discrete and metric equilateral graphs are studied 
by Korotyaev-Saburova |KS15cj . They estimate ehective masses associated with the ends of 
each spectral band in terms of geometric parameters of graphs. Moreover, at the beginning 
of the spectrum they obtain two-sided estimates of the ehective mass in terms of geometric 
parameters of graphs. These results are essentially used in this paper. 

We do not know any papers about scattering on periodic metric graphs. Note that there 
are some results about the scattering on a graph that consists of a compact part with one or 
more inhnite leads attached to it (see the survey in Section 5.5 in [BK13] L 

We describe our main results: 

i) The direct integral for a metric Laplacian Am is described in terms of the discrete Lapla- 
cian A. 

a) Eigenfunctions of fiber operators for the metric Laplacian with eigenvalues from the 
set a{AM) \ (Td cltc described in terms of eigenfunctions of fiber operators for the discrete 
Laplacian A, where an = {(tj)^ : j G N}. 

Hi) Eigenfunctions of fiber operators for the metric Laplacian corresponding to the flat bands 
j £ N, (the so-called Dirichlet spectrum) are determined. 

iv) All eigenfunctions of the metric Laplacian are uniformly bounded; 

v) We consider scattering for a Schrodinger operator H = Am + Q, where the potential 
Q E L^{T) is real. In particular, we obtain 

• the existence and completeness of the wave operators, 
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• a standard Fredholm determinant (without any modification for any dimension) is well 
defined and is analytic in the upper half-plane and its main properties are discussed. 

• the difference of the resolvents for a Schrodinger operator and for the Laplace operator 
belongs to the trace class for any dimension. Note that for corresponding Schrodinger operators 
on d^ 2, it does not hold true. 

The proof of these results is based on a detailed analysis of eigenfunctions of fiber operators 
for the metric Laplacian obtained in the present paper. Note that for short range potentials 
one needs to develop the Mourre’s or Enss’s approaches on periodic metric graphs. 

1.2. Metric Laplacians. Let T = {y,£) be a connected infinite graph, possibly having loops 
and multiple edges, where V is the set of its vertices and S is the set of its unoriented edges. 
An edge connecting vertices u and v from V will be denoted as the unordered pair (u, v)e G £ 
and is said to be incident to the vertices. Vertices u,v ^ V will be called adjacent and denoted 
by M ~ n, if (u, v)e G £■ Denote by I{v) the set of all edges of T incident to the vertex n G V. 
We dehne the degree of the vertex n G V as the number of all its incident edges from £ 
(here a loop is counted twice). 

Below we consider locally hnite ZVperiodic metric equilateral graphs T, i.e., graphs satis¬ 
fying the following conditions: 

1) V is eguipped with an action of the free abelian group if; 

2) the degree of each vertex is finite; 

3) the guotient graph T* =T/if is compact; 

4) all edges of the graph are assigned unit length. 

Remark. 1) We do not assume the graph be embedded into an Euclidean space. But in 
some application such a natural embedding exists (e.g., in modeling waves in thin branching 
”graph-like” structures: narrow waveguides, quantum wires, photonic crystal, blood vessels, 
lungs, see |BK13j . |P12j L In this case a simple geometric model is a graph T embedded into 
in such a way that it is invariant with respect to the shifts by integer vectors m G Z'^, 
which produce an action of Z"^. 

2) We also call the quotient graph T* = T/Z"^ the fundamental graph of the periodic graph T. 
If r is embedded into the space the fundamental graph T* is a graph on the surface R'^/Z'^. 
The fundamental graph T* = {y^,£fi) has the vertex set K = V/Z'^ and the set £^ = £/!/' of 
unoriented edges. Let v = where is the number of elements of the set A. Denote by 
F{v) the set of all edges of T* incident to the vertex n G 14. 

Each edge e of T will be identihed with the segment [0,1]. This identihcation introduces a 
local coordinate t G [0,1] along each edge. Thus, we give an orientation on the edge. An edge 
starting at n G V and ending at n G V will be denoted as the ordered pair {u,v) G £. Note 
that the spectrum of Laplacians on metric graphs does not depend on the orientation of graph 
edges. For each function ?/ on T we define a function y^ = y\ , e G 4. We identify each function 
I/e on e with a function on [0,1] by using the local coordinate t G [0,1]. Let L‘^(T) = ©e6£:L^(e) 
be the Hilbert space of all functions y = {ye)eGe, where each y^ G L^(e) = 4^(0,1), equipped 
with the norm 

Il2/lli2(r) = ^ IIwIIl^/o,!) < 

e£S 

We dehne the positive metric Laplacian Am on y = {yfje^s G 4^(r) by 

(AM|/)e = -2/e, where {y”)e&£ G 4^(r), 






4 


EVGENY KOROTYAEV AND NATALIA SABUROVA 


where y satisfies the Kirchhoff conditions: 

y is continuous on F, n)) =0, Vn G V, 

eel(v) 

N _ / 1) if n is the terminal vertex of the edge e 

^ ^ 1 0, if n is the initial vertex of the edge e. 


(1.1) 

( 1 . 2 ) 


1.3. Discrete Laplacians. In order to define the Floquet-Bloch decomposition fll.dp of met¬ 
ric Laplacians we need to introduce the inverse edge {v,u) for each oriented edge {u,v) G £. 
Let A and denote the sets of all oriented edges and their inverse edges of the periodic 
graph r and its fundamental graph F*, respectively. 

Let £'^{V) be the Hilbert space of all functions / : H —)■ C, equipped with the norm 

\\f\\%{v) = 5^i/(^')r < oo. 

vev 


We define the discrete normalized Laplacian (i.e., the Laplace operator) A on / G i‘^{V) by 


(A/)(i.) 



{v,u)eeS 



veV, 


(1.3) 


where is the degree of the vertex v G V and all loops in the sum fll.3p are counted twice. 
This Laplacian A on i‘^{V) is self-adjoint and has the standard decomposition into a constant 
fiber direct integral by 

=( 2 ^ =( 2 ^ 

T'^ _ ]R'^/(^27rZ)'^, for some unitary operator U. Here £^(K) = is the fiber space and A('d) 
is the V X V Floquet (fiber) matrix given by fl2.5|) . where v = ^14. The Floquet matrix A('d) 
has V eigenvalues. Recall that A* is an eigenvalue of A iff A* is an eigenvalue of A('d) for any 
■d G (see Proposition 4.2 in [HN09j). Thus, we can define the multiplicity of a fiat band 
by: an eigenvalue A* of A has the multiplicity m iff A* = const is an eigenvalue of A('d) with 
the multiplicity m for almost all ■§ G T^. Thus, if the operator A has r 4 0 fiat bands, then 
we denote them by 

Aj('d) = const, — r < j ^ Vi? G T"*. (1.5) 

Here we separate all fiat bands from other bands of the Laplacian. All other eigenvalues 
Ai('d),..., Xy-ri^}) are not constant. They can be enumerated in increasing order (counting 
multiplicities) by 

Ai(i9) 4 A2 (i 9) 4 ... 4 A,_,(i9), Vi9gT4 (1.6) 

Since A('d) is self-adjoint and analytic in i? G T'^, each A„(.), n G Ni, = {1,..., z/}, is a real 
and piecewise analytic function on the torus T'^. We denote the corresponding projector by 
F„('d) and we have 

V 

A(i9) = A„(i9)P„(i9), d G (1.7) 

n=\ 

We define the spectral bands ct„(A) by 

<t„(A) = |A;.A+] = A„(T'‘). neN, 


( 1 . 8 ) 
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Thus, the spectrum of the Laplacian A on T has the form a(A) = lJn=i and we get 

u—r V 

Cr(A) = (Tac(A) U (T/6(A), (Tac(A) = IJ (Tn(A), (T/b(A)= |J Crn(A). (1.9) 

n=l n=u—r-\-l 

Here (Jac(A) is the absolutely continuous spectrum, which is a union of non-degenerate intervals 
from fll.SI) . and afb{A) is the set of all flat bands (eigenvalues of inhnite multiplicity). An 
open interval between two neighboring non-degenerate spectral bands is called a spectral gap. 

1.4. Direct integral of metric Laplacians. We introduce the Hilbert space (a constant 
hber direct integral) 

^ = n = LHT.), 

equipped with the norm 

where a function G L^(r*) for all '& G We have the preliminary standard result 

about a direct integral, see, e.g., |R,S78] . 

Theorem 1.1. The metric Laplacian Am on T^(r) has the following decomposition into a 


constant fiber direct integral 

i"(r) = 7Tni/ r-{r.)d«, = j^ AmWm, (i.io) 

Jjd (Zir) Jjd 

for the unitary operator : L^(r) —)■ defined by 

(^h)(i9,x) = ^ e-*<™’’^>h(a; + m), (i9 ,t) G x T,, (1.11) 

where x + m denotes the action of m & on x Here the Floguet (fiber) operator Am (&) 

acts on y = (2/e)ee£. E by 

{AMime = -yl {ylUe. e (1.12) 

and the function y satisfies the so-called guasi-periodic conditions at any v eV^: 

e-*''(ei’")("(ei)’’'>|/ei(5(ei,n)) = Vei,e 2 G A(n), (1.13) 

^ (_l)^(‘^.He-*'5(eT)Me),^>^^^(e,y)) _ 0, (1.14) 

e&h{v) 


where S{e,v) is defined by U.^) . r(e) G is the edge index, defined in subsection 2.1, and 
{■, •) denotes the standard inner product in M'^. 


Remark. In fll.lll) we identify an edge e* G of the fundamental graph T* with an edge 
e G of the graph T (for more details see Subsection 2.2). 
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1.5. Spectrum of the metric Laplacian Am and its fiber operators Am{'&)- Consider 
the eigenvalues problem on the unit interval with Dirichlet boundary conditions 

-y” = Ey, y{0)=y{l) = 0. (1.15) 

It is known that each j G N, is the so-called Dirichlet eigenvalue of the problem fll.l5p . 

We define its spectrum by 

o-D = {(vtjT : j e M}. (1.16) 

We describe our first main results about eigenfunctions of the metric Laplacian Am having 
eigenvalues (7rj)^,j G N. 

Theorem 1.2. Let AM('d), -t) E \ {0}, be the Floquet operator on the fundamental graph 
r*. Then for all j eN the following statements hold true: 

1) Ej = (vrj)^ is the eigenvalue of the operator Am{“ d) ■ 

a) Each eigenvalue (ttj)^ has multiplicity — i/ ^ d — 1, where v = is the number of 
the fundamental graph vertices and z/* = is the number of the fundamental graph edges 
from . 

Hi) Corresponding normalized eigenfunctions 11'°^ = (^sj,e)ee£ ' ^ ^ have the form: 

sin(irji). i e |0.1], 

ll*LW')IILr.) = E = 

ee£t 

where (-^sj,e('d))gg£ is a normalized solution of the system of u equations 

Y, Y = VuGK, 

eG£^*, eG£^*, 

starting at v ending at v 

one equation for each n G K ■ This system has the rank v and thus there exist — v linearly 
independent normalized solutions (W,i,e('d))gg£ , s E Moreover, Xgj^ei'd) = Xsj+ 2 ,e{'d) 

for all (s, e) G x and the eigenfunctions satisfy 

sup ||d'°^.(i9,-)IU-(r.) ^ \/2. (1.19) 

(sj)eNi.,_i.xN 

Remark. 1) In order to determine Xgj^e in lll.l7p we have the z/ x z/* linear system 01.181) 
with z/* variables. 

2) The eigenfunctions j defined by 01.171) vanish at each vertex of the fundamental graph. 

3) The Floquet operator Ajvf(O) is exactly the metric Laplacian on the fundamental graph 
T*. Moreover, it is known (see e.g., |B85j . |C97j . |LP08j I that 

i) (vrj)^, j E M, is the eigenvalue of the operator Am(0); 

ii) each eigenvalue (27rj)^ has multiplicity — iz + 2; 

hi) each eigenvalue (2j -|- l)^7r^ has multiplicity — iz + 2, if T* is bipartite and multiplicity 
z/* — iz, if T* is not bipartite; 

iv) the corresponding eigenfunctions are also constructed in the papers mentioned above 
(for more details see Remark after the proof of Theorem 11.21) . 

4) The number of vertices iz and the number of edges z/* of the fundamental graph can be 
arbitrary, but there is a restriction (see Theorem 1.2 in [KS15aj ): 

IZ d ^ IZ^: 


(1.17) 

(1.18) 
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Theorem 11.21 allows to write the operator in the form Am = Amd © ^mvi where 

Am(i9) = Amd{^) © Amv{^). (1.20) 

is the projector corresponding to the Dirichlet eigenvalue (vrj)^ and its eigenfunctions 
where (s, j) G x N. The operator Amd{'<^) is associated with the Dirichlet eigen¬ 

values ao- The other part Amv{’^) is associated with the vertex set K and we discuss one 
in the next theorem. Below without loss of generality we assume that for a bipartite periodic 
graph T the fundamental graph T* is also bipartite. 

We describe our second main results about the ’’vertex Laplacian” Amv and its eigenfunc¬ 
tions. These eigenfunctions are expressed in terms of eigenfunctions of discrete Laplacians. 

Theorem 1.3. The operator Amv{.'&) on T* defined by M.20\) has a spectral representation 
given by 

AMvi^)= for all G \ {0}, (1.21) 

where its eigenvalues and the eigenfunctions ^^^(d) = corresponding 

to the projectors Vnji'd) satisfy: 


^n,j {"d) 

1 z„(d) -F TTJ, J %s even : \ r ^ \ 

, . ■ ■ ’ ^„(79) = arccos(-A„(i9)) G (0,7r) 

y[-K - Znyd)) + j is odd 

(1.22) 

and (here e = 

{u, v) and n G Ni., j G Zq = {0, 1,2,...}) 



= (fW + t)) . 

(1.23) 


1 ii'n,j(l?)| L2(r*) = \\'4’n{'d,-)\\e^v*) = 1, 

(1.24) 


sup ||T„,j('d)||Loo(r^) = C < 00 , 

(1.25) 


(nj,i?)EN^xZoxT^ 


where fini'd, •) G £^(14) is the normalized eigenfunction of the operator A('d) corresponding to 
the eigenvalue A„('d). 

Remark. 1) The eigenvalue z^ j{'d) 7 ^ (tj)^ for all G T'’* \ {0} and all {n,j) G Ni/ x Zq. 

2) Recently, Pankrashkin (see Proposition 1 in [Pal2] . Theorem 14 in |Pal3j l shows the 
following result: Let rj^z) = —cosy/z and Xoj be the characteristic function of the set a; C M 
and let an interval J C M \ ajj. Then operator A = AmvXj{^mv) is unitary equivalent to 
the operator B = ri~^{Axr]{j){A)), i.e., the following identity A = UBU~^ holds true for some 
unitary operator U. 

3) We do not know any paper about fll.23p - fll.251) . These results are important to study 
the Fredholm determinant in Theorem 11.61 

4) The explicit form of the constant C in fll.25p is defined in Propositions 13.3113.41 Results 
about the effective masses for Laplacians [KS15c] are essential in the proof of fll.25p . 


Theorems 11.11 - [T73] imply the well-known results, see, e.g., |BK13] . [BGP08], |P12] . 
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Corollary 1.4. The Laplacian Am on L‘^{T) has the spectrum given by 

(^{Am) = 0'ac{AM) ^ 0'fh{AM), CTaciAM) = O'nJ-liAM), 

(n, j)sNi/_rXN 

0'fb{AM) = O'fbiAMo) U afb{AMv)i Cr/6(^MD) = O'd, 


V oo 


0-fbiAMv)- U Ucr„j(AM), anjiAM) - (1-26) 


^ri,j 


n=u—r+lj=0 


j IS even 


((tt - j is odd 


= arccos(—A^) G [0, vr], n G 




Here aac{AM) is the absolutely continuous spectrum, which is a union of non-degenerate in¬ 
tervals, and afb{AM) is the set of all flat bands (eigenvalues of infinite multiplicity). 


Remarks. 1) Recall that Briining-Geyler-Pankrashkin |BGP08j show the following identi¬ 
ties 

aa{AM) \ a_D = G M \ (Td : — cos G (Ja(A)}, a G {fb, ac}, (1-27) 
where ao = : j G N}. 

2) The identities fll.26p show that spectral properties of the discrete Laplacian A are im¬ 
portant to study spectral properties of the metric Laplacian Am- 


Now we discuss the connection between eigenfunctions of the absolutely continuous spectrum 
of the discrete and metric Laplacians and eigenfunctions of their hber operators. 

Proposition 1.5. Let G be the normalized eigenfunction of the fiber oper¬ 
ator A('d) corresponding to the eigenvalue An('d) G crac(A) and let G L^(P*) be 

the normalized eigenfunction of the fiber operator AM('d) corresponding to the eigenvalue 
Znji'd) G (Tac(AM), whcrc I? G T'^ \ {0} and zfj{d) is defined by M.22) . Then the follow¬ 
ing statements hold true. 

i) The eigenfunction fjni'd, •) of the absolutely continuous spectrum of the discrete Laplacian 
A corresponding to Xfl'd) has the form 

V’n('d, ■y + iLi) = ■y), 'i {y,m) X ifl. (1.28) 

a) The eigenfunction •) of the absolutely continuous spectrum of the metric Laplacian 

Am corresponding to ^ {'&) has the form 

+ = eh'^''^Hn,j{fl,x), V(a:,m) G P* x (1.29) 

Hi) If a -periodic graph P is embedded into then the eigenfunctions from U.28\} . I{1.29[) 
satisfy 

^„(i9,n) = VugR; (1.30) 

^n{^,x) =E^^’^^<l>n{^,x), VxgP; (1.31) 

where the functions v) and $n('d, x) are -periodic with respect to v and x, respectively. 

Remarks. 1) In fll.28p . fll.29p we identify the vertices and edges of the fundamental graph 
P* with some vertices and edges of the periodic graph P. For more details see the proof of 
this proposition. 
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2) From fll.29p and fll.25p it follows that all eigenfunctions of the absolutely continuous 
spectrum of the Laplacian on a periodic metric graph are uniformly bounded in L°°(r). 

3) Formulas fll.23p . fll.28p and fll.29p give that the eigenfunctions of the absolutely continu¬ 
ous spectrum of the discrete and metric Laplacians are connected by the same relation fll.2311 
as the eigenfunctions of their hber operators. 

4) Eigenfunctions of the discrete and metric Laplacians corresponding to flat bands are 
connected with eigenfunctions of their hber operators by the Floquet transforms (for more 
details see Proposition I3.5p . 


1.6. Scattering on metric graphs. We consider a Schrodinger operator H = Hq + Q on 
L^(F), where Hq = Am and the potential Q G L^(F) fl L^(F) is real. Here L^(F) is the space 
of all functions / = (/e)ee£ on F equipped with the norm ||/||Li(r) = Zless ll/elUpe)- Let Bi 
and B 2 be the trace and the Hilbert-Schmidt class equipped with the norm || ■ ||bi and || ■ ||b 2 
corresp ondingly. 

In Theorem 11.61 we show that QRQ{k) G B 2 for all k G C+. This gives that the operator H 
is self-adjoint on For any k G C+ we put 

R^{k) = {Ho - e)-\ R{k) = {H- e)-\ 

Yo{k) = \Q\^Ro{k)Q"Y = IQI^signg. 

Below we show that the operator To(^) belongs to the trace class. Thus, we can dehne the 
Fredholm determinant D by 

D{k) = <lei{I+ Yo{k)), fc G C+. (1.33) 

We describe our third main result about scattering on metric graphs. 


Theorem 1.6. Let Q G T^(F) he real. Then QRo{k) G B 2 for all k G C+ and the operator 
H = Ho + Q is self-adjoint on ^{Hq). Let, in addition, Q G T^(F). Then 

R{k) - Ro{k), Yo{k) G Bi V fc G C+, (1.34) 


and the determinant D{k) = det(/ -|-lo(^)) is well-defined and is analytic in C+ and the limit 
D{k iO) exists for almost all fc G M. Furthermore, the wave operators 

W± = s-\imR^^e-^^^°Pac{Ho) as t ^ ± 00 , (1.35) 

exist and are complete, i.e. the range of W± is equal to JYjc{H) and aac{H) = aac{Ho). 
Moreover, the S-operator given by 


S = WfW_ (1.36) 

is unitary on Jifac{Ho) the corresponding S-matrix S{k) (defined by U.39\) ) for almost all 
G aac{Ho) satisfies 


S{k) = Ik — 2TriA{k), A{k) G Bi, 
D{k -I- iO) 


det S{k) = 


D{k -I- iO) 


(1.37) 

(1.38) 


Remark. 1) Consider Schrodinger operators H = —A -|- Q on L^(M'^),(i ^ 1, where —A 
is the standard Laplacian in and Q G C'“(M'^) is a real potential. Dehne the operator 
yo(fc) = |Q|^(-A - fc2)-iQ^, fc G c+. 

Firstly, if d = 1, then it is well known that the corresponding operator Yo{k) G Bi and so the 
Fredholm determinant det(/ -|- Yo{k)) is well dehned. Recall that the Fredholm determinant 
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is the basic function to study trace formulas, spectral shift functions, etc. in the general 
framework. ^ 

Secondly, if d ^ 2, then it is well known that the corresponding operator Yo{k) is not trace 
class and so the Fredholm determinant det(/+yo(^)) is not dehned. Thus, we need an essential 
modihcation. For example, Newton |N77] dehned the modihed Fredholm determinant by 

D{k) = det[{I + Yo{k)e-^°^% k e C+, if d = 3. 

Note that the case d > 3 is more complicated. 

Thus, in contrast to Schrodinger operators H on in the case of Schrodinger operators 
H = Am+Q on metric graphs the operator Yo{k) is trace class and the corresponding Fredholm 
determinant D{k) = det(J + To(A;)) is well dehne for all k G C+ and for any dimension d ^ 1. 
Then the metric case (for any dimension d ^ 1) is very similar to the case of Schrodinger 
operators H on M^. This fact is very important for spectral theory of Schrodinger operators 
on periodic metric graphs. 

2) In fact the identity fll.38p is the so-called Birman-Krein |BK62] formula for S-matrix in 
the case of the scattering on metric graphs. 

3) Recall that if the scattering operator S = WfW- is unitary on then the 

operators Hq and S commute and thus are simultaneously diagonalizable: 

= Pac{Ho)L\V) = / M’xdX, Ho= XhdX, S= S{X)dX; (1.39) 

J cr J a J a 

here a = aad^Ho) and Ix is the identity in the hber space Mx and S'(A) is the scattering matrix 
acting in jYx for the pair Hq, H. 

2. Floquet decomposition oe metric Laplacians 

2.1. Definitions. We introduce an edge index, which is important to study the spectrum 
of Schrodinger operators on periodic graphs. We £x any z/ vertices of the periodic graph F, 
which are not Z'^-equivalent to each other and denote this vertex set by Vq- We will call Vq n 
fundamental vertex set o/F. For any n G R the following unique representation holds true: 

n = To + [n], To G Vq, [n] G (2.1) 

In other words, each vertex v can be obtained from a vertex uq ^ R) by the shift by a vector 
[n] G Z'^. We will call [n] eoordinates of the vertex v with respect to the fundamental vertex set 
Vo- For any oriented edge e = {u,v) E A we dehne the edge ’’index” r(e) as the integer 
vector by 

r(e) = [n] - [u] G Z”^, (2.2) 

where, due to dj, we have 

u = Uo+[u], V = Vo + [v], Mo, W e R, [u], [n] G Z''. 

In general, edge indices depend on the choice of the set R. We note that edges connecting 
vertices from the fundamental vertex set R have zero indices. 

We dehne two surjections 

fv : R ^ R = R/Z'", f^:A^A,= A/Zf (2.3) 

which map each element to its equivalence class. 
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If e is an oriented edge of the graph F, then by the definition of the fnndamental graph 
there is an oriented edge e* = f^(e) on F*. For the edge e* G A^, we define the edge index 
r(e*) by 

r(e*) = r(e). (2.4) 

In other words, edge indices of the fnndamental graph F* are indnced by edge indices of the 
periodic graph F. The index of a fnndamental graph edge with respect to the fixed fnndamental 
vertex set Vq is nniqnely determined by fl2.4p . since 

r(e + m) = 'r(e), V (e, m) G ^ x 

Edges with nonzero indices will be called bridges. They are important to describe the spec- 
trnm of the Laplacian. The bridges provide the connectivity of the periodic graph and the 
removal of all bridges disconnects the graph into infinitely many connected components. The 
set of all bridges of the fnndamental graph F* we denote by S*. 

Example. We consider the periodic graph, shown in Fig{TJ The periods of the graph oi, 02 
are also shown in this figure. We choose and fix a fundamental vertex set Vq = {ni,n 2 ,T 3 W 4 } 
such that Fq, the subgraph of F induced by Vq, is connected. Here the subgraph Fq of F 
induced by Vq is a graph that consists of all vertices from Vq and all edges of F that connect 
these vertices. 



Figure 1. Periodic graph P; the fundamental vertices vi,V 2 ,V 3 ,V 4 are black; the bridges 
of P are marked by bold. 


2.2. Floquet fiber Laplacians. The normalized Laplacian A, given by 111.311 . has the stan¬ 
dard decomposition into a constant fiber direct integral fll.4p . where the Floquet u x u matrix 
A('d) = has the form 




0 , 


^ E e 

e={u^v)£A* 


i{r(e), i?) 


if (u, v) G A* 
if (u, v) ^ A^ 


(2.5) 


see Theorem 2.2 in |KS15cj . where is the degree of the vertex v, {■, •) denotes the standard 
inner product in the vector t? G is called the quasimomentum and r(e) is the edge 
index defined by fl^ . fl^ . 

We identify an edge e* = (u*, n*) G of the fundamental graph F* = (K, i”*) with an index 
r(e*) with the edge e = {u,v + r(e*)) G of the graph F = (V, £), where n, n G Vq such that 
= fv(M), T* = fy(n). We note that r(e) = r(e*). 
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Proof of Theorem II.IL Denote by the set of all compactly supported functions 

h G -h^(r). Standard arguments (see pp. 290-291 in |R,S78j i yield that ^ given by fll.lip . is 
well dehned on and has a unique extension to a unitary operator. For h G 

the sum fll.lll) is hnite and, using the identity 8 = {e* + m : (e*,m) G x we have 




nhr^= / ||('^h)(i9,-)||i.(r,)7^ 

Jfd (^71) 

f f f E 


e*e£* ^ 




(I'd 

W)' 


dt 



Thus, ^ is well dehned on and has a unique isometric extension. In order to prove 

that ^ is onto we compute . Let g = G where g{-,x^) : T'^ —)■ C. 

We dehne 

r 

{‘^*g){x)= x = x* + m G F, (2.6) 

Jjd (27r)“ 

where (x*,m) G F* x Z'^ are uniquely dehned. A direct computation gives that this is indeed 
the formula for the adjoint of ^. Moreover, the Parseval identity for Fourier series gives 

ll®''9lli^,r,=Ell(®''9)eHL„a)= E E /‘* 

eeS et&S, ra&'Ld 


E E, 


}jd 






(271) 


dt 


E 



0 




Further, for h G Ll^^(T) and x G e G £”*, x ^ 14 we obtain 


{^AMh){^,x) = e-^^^’^\AMh){x + m) 

m&'lA 


2 

jr- 


(2.7) 
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Let T G K and 61 , 62,6 G /*(n). Denote by (5i = (5(6i,n), 62 = 6 {e 2 ,v) and 6 = 6 {e,v), where 
6 is defined by jEai. Then, nsing fll.ip . we have 

m&lA 


— g-*<52{T(e2),il> 


meZ'i 


and 


= g-i52{r(e2),^> ^ (^^)e2 (^, <^ 2 ), 

eS/*('u) eGlf{v) rnGZ^. 


E (-It E ■ 

G£l^{v) mEZ^ 


2{m+(5T{e) 


’">AU„.(i) = 5 ^ (- 1 )‘ 5 ^ 

eS/*('u) rnSZ^* 


( 2 . 8 ) 


(2.9) 


= E E (-i)''4+„-i,,.,(^) = EE (-i)''4+.„(i) = 0. 

mez*^ ee/*(i;) m&A eel(v+m.) 

The identities fl2.7p - fl2.9p yield fll.lOp . ■ 


Corollary 2.1. The Laplacian Am on L‘^(T) has a decomposition into a constant fiber direct 
integral of the form U.1U\) . where the fiber operator AM^'d) on T^(r*) is defined by 

(AA^(l9)l/)e = -(I +i(r(6), l9))\e, 1/ = (l/e)eG£., (2-10) 

where (i/g)eg£* G L^(r*), y is continuous on T* and satisfies the boundary conditions: 

E +E^(e),i9)) 2/e(5(e,n)) = 0 Vn G K, 

eeh{v) 

or, that is the same, 

E = i/(n)i E Vn G K, 

e£l:t{v) eeh(v) 

y{v) = ye{d{e,v)), VeG4(n). 

Proof. After the gange transformation ye{t) = for all 6 G T*, identities fll.l2p 

- fll.lip take the form fl2.10p - fl2.1ip . ■ 


( 2 . 11 ) 

( 2 . 12 ) 


3. Eigenfunctions of metric Laplacians 

In order to prove Theorem 11.21 we need to choose the fnndamental vertex set Vq by a 
specific way. Let T = (V^, £t) be a snbgraph of the periodic graph T satisfying the following 
conditions: 

1) T is a tree, i.e., a connected graph without cycles; 

2) Vt is a fundamental vertex set, i.e., Vt consists of v vertices ofT, which are not ifi- 
eguivalent to each other. Recall that v is the number of vertices o/T*. 
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Remark. 1) We need to note that such a graph T always exists, since the periodic graph is 
connected, and T is not unique. 

2) The graph T* = T/Z'^ is a spanning tree of the fundamental graph T*, i.e., T* = 
is a subgraph of T*, which has u — 1 edges and contains no cycles. 

From now on we assume that the fundamental vertex set Vq coincides with the vertex set 
Vt- Then, by the definition of the edge index, all edges of the spanning tree T* have 
zero indices. 

The following lemma holds true (see Lemma 2.3 in [KS15cj ). 

Lemma 3.1. Let e G S* he a bridge of the fundamental graph T* with the index 'r(e). Then 

i) There exists a unigue cycle in T*, containing only e and edges ofT^. 

ii) The length of this cycle, i.e., the number of its edges, is not more than u and the sum of 
all indices of the cycle edges is T(e). 

Proof of Theorem 11.21 i)-iii) We construct eigenfunctions = (thj e)ee£ operator 

Ajvf('d) corresponding to the eigenvalue (vrj)^. These eigenfunctions have the form 

i) = 0) cos(7rjf) + ^(1?, 0) , V f G [O, l], (3.1) 

which yields 

= = = P’S) 

Since T is connected, on T, and consequently, on the fundamental graph T*, there exist d 
bridges Oi,..., G with linearly independent indices 'r(ei),..., r(erf) G Lemma 13.11 
gives that on T* there exist cycles Wg of length /«, s G N^, each of which contains only and 
edges of T*. Recall that all edges of T* have zero indices. Then the quasi-periodic condition 
fll.Lip and the hrst identity in fl3.2p yield 

- 1) = 0, V(i9,s) G X Nd. (3.3) 

Since the indices T(ei),..., r(erf) are linearly independent, from fl3.3p it follows that d^°g^('d, 0) = 
0, s G Mrf, for all d E T'^\ {0}. Due to the connectivity of the fundamental graph, the quasi- 
periodic condition fll.l3p and the first identity in fl3.2p give 0) = 0 for all e G T*. Thus, 

the eigenfunctions fl3.ip take the form 

= Veef,. (3.4) 

These functions must satisfy the quasi-periodic condition fll.lip . which, using the second 
identity in fl3.2p . can be rewritten in the form 

^ T°;(i9,0) - (-1)^' ^ = 0, VtgK. (3.5) 

e={v,u)&£„ e={u,v)&£t 

This is a homogeneous system of z/ = linear equations with z/* = variables 

(T)'3^(19, 0)) „ . The z/ X z/* coefficient matrix Dj{d) = of the system is given 

y J< > eet, J ee£* 

if V is the terminal vertex of e 
if V is the initial vertex of e 
if e is a loop in the vertex v 
otherwise 




1 , 

X _ (^_x)te-hT(e)>’^> 

0 . 


(3.6) 
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The number of linearly independent solutions of the system fld.Sp is — rank (19)). We 
will show that rankZ9j('d) = v for all i9 G \ { 0 }. 

Let n e W, denote the row of the matrix corresponding to the vertex v. In 

order to show that the rows of this matrix are linearly independent, we consider their linear 
combination with coefficients n G 14: 

= 0. (3.7) 

vev. 


From this, using the form fl3.6p of the matrix Dj{'d), we obtain 




ay{-iye 


-i(T(e), 1 ?) 

5 


We = {u,v) e £^. 


(3.8) 


For each vertex v of the cycle Wg the identity fl3.8p gives 

- 1) = 0, V(i9,s) G x (3.9) 


Since i? 7 ^ 0 and r(ei),..., r(ed) are linearly independent, we conclude that ay = 0. Due 
to the connectivity of F* and the identity fl3.8lh all coefficients = 0 in fl3.7lh Thus, for 
all 1 ? G \ {0} the rows of the matrix Djid) are linearly independent and rankDj(i9) = v. 
The number z/* — z/ of the linearly independent solutions of the system fl3.5p is equal to the 
multiplicity of each eigenvalue (ttj)^. 

From 03.411 it follows that 


lh(>».')llFr.) = ^EI«'hF.'))l 


(3.10) 


Choosing the normalized solutions (-^sj-,e('d))^g^ , s G of the system 03.Sp or, equiva¬ 

lently, of the system 01.18p . we obtain that the normalized eigenfunctions 4/°^ = (^sj,e)ee£: ’ 
s G have the form 01.17p . 

The identity e(i9) = ^sj+ 2 ,e(i 9 ), (s, e) G x follows from the form of the system 

01.18p . The inequality 01.19p is a direct consequence of 01.1711 . ■ 


Remark. The Floquet operator Ajvf(O) is the metric Laplacian on the fundamental graph 
F*. It is known (see |B85] . |C97] . |LPn 8 ] L that 
i) the normalized eigenfunctions = ('hs,j,e)ee£ ’ ^ ^ of fhe operator Am( 0 ) 

corresponding to the eigenvalue j is even, have the form 01.1711 as i? = 0, where 

(-V,,,e(0)),„ is a normalized solution of the system of u equations 


Xe — Xe = 0, Vx G K, (3-11) 

es£*, es£», 

starting at v ending at v 

one equation for each x G K- This system has the rank z/ — 1 and thus there exist z/* — z/ -|- 1 
linearly independent normalized solutions (Xsje(0))^gg , s G In this case there 

exists an additional normalized eigenfunction = (4/°e)ee£: ’ hs-ving the form 

'I'°e(0A) ='\/^cos(7rjf). (3.12) 

This additional eigenfunction is related to the eigenfunction of the discrete Laplacian A(0) 
with the eigenvalue — 1 . 





























16 


EVGENY KOROTYAEV AND NATALIA SABUROVA 


ii) the normalized eigenfunctions = (d^°j^e)ee£: corresponding to the eigenvalue 
j is odd, also have the form fll.l7p as i? = 0, where is a normalized solution of 

the system of u equations 

Xe = 0, Vx e K. (3.13) 

starting at v ending at v 

If r* is bipartite, this system has the rank u — 1. If F* is not bipartite, this system has the rank 
u. For a bipartite graph there exists an additional normalized eigenfunction = (tkje)ee£: ’ 
having the form 

= ±y^cos(7rjf), (3.14) 

where the sign is chosen such that the eigenfunction has alternative sign in adjacent vertices. 
This additional eigenfunction is related to the eigenfunction of the discrete Laplacian A(0) 
with the eigenvalue 1. 


In the following proposition we describe the connection between eigenfunctions and corre¬ 
sponding eigenvalues (except for the Dirichlet eigenvalues ao) of the Floquet operators for 
metric and discrete Laplacians. 


Proposition 3.2. Let i? G Then the following statements hold true. 

i) Ifm = € T(r *) is an eigenfunction of the operator AM^'d) with an 

eigenvalue E^-d) ^ an, then the function •) G defined by 

(3.15) 

is an eigenfunction of the operator A('d) with the eigenvalue A('d) = — cos ^^/E{'d). 

ii) Conversely, iffj{'d,-) G £^(14) is an eigenfunction o/ A('d) with an eigenvalue A('d) G 

(—1,1), then for each j G N the function Tj('d) = (\kej('d, G L^(F*), defined by 


'hej('d,t) = 


sin Zj (-d) Y 




sin{zj{'d){l —t)) + sinlzjl-d) t)), e = {u,v), 


Zji.'d) = 


z{d) + vrj, j is even 

[ti — z{d)) -|- vrj, j is odd 


is an eigenfunction of Am {'d) with the eigenvalue Ej{-d) = z'j{-d). 


zfd) = arccos(—A('d)), 

(3.16) 


Proof, i) Let \k('d) be an eigenfunction of the operator A;vr('d) with an eigenvalue E ^ 

E ^ 0, E = E{'d). The proof for the case = 0 is similar. Then 

Te(t) = Te(0) cos(^f) + T;(0) ^ , Z=^/E, Te(t) = Te(i9, t), (3.17) 

which yields 

Te(l) = Te(0)cosz-FT(,(0)^, T(,(l) =-Te(0)zsin2:T(,(0) cosz. (3.18) 


From fld.lSp we obtain 

'I'U0) = 3G («'.(!) 


'Pi(l) = sG (»=(!) 


(3.19) 
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Using the formulas 03.191) . we rewrite the left-hand side of the condition 01.14p in the form: 
^ (_l)<5(e,^)e-*5(eUMe),^> ^ ^ ^e(O) “ E ^^(l) 

eeh{v) e=(v,u)e£, e={u,v)e£, 

3 —i{T(e),'ll) 2 l.T, /-t \ ,T, /r^\\ ' ■ '' 


__ (d'e(l) - ^e(O) COS^) - E e dUe),il) ^ (d^e(l) COS ^ - d^e(O)), 
‘■={v,u)&£t, e={u,v)&£t 


= E 


z 

sin z 


for all T G 14 . Thus, after dividing by , the condition 01.141) takes the form 

E (^e(l) - ^e(O) cosz) - E (Te(l) COS - Te(0)) = 0, (3.21) 

e={v,u)&£t, e={u,v)&£if 


for all T G 14 . Using the formula 01.13p and introducing the notation 

^(^;) = V(T,e) G K x 4(t), 

we write the left-hand side of the identity 03.2ip in the form 

— '^{v)>ij,COSZ+ E ^e(l) + E \he(0) 

e={v,u)&£f e={u,v)&£t 

= -^{v)>c^cosz+ 

e=(u,u)s£* e=(u,v)&£t 

=—'^{v)xyCosz + ^ T(m). 

e={v,u)£A* 

Thus, the condition 03.2ip takes the form 

^{v)cosz=— 

e={v,u)£A* 

or, using the formulas 03.15p . 03.22p and 02.Sp . 

— 4 ( 1 ?, p) cos 2 ; = ^ 


(3.22) 


(3.23) 


E = (A(i9)4(i9,-))(t). 

e={v,u)£A* 


(3.24) 


(3.25) 


Thus, '4('*^) •) is an eigenfunction of the operator A('d) with the eigenvalue (—cosx). 
ii) Conversely, let be an eigenfunction of the operator A('d) with the eigenvalue 


' ee£» 


Km = 
Km = 

where for the shortness 


dehned bv 03.16P we have 


^gl{T(e),ll) (;;os(Xjf)j, 

(3.26) 

Qi(r{e),&) sin(2;jt)j. 

(3.27) 

^ _ 4(1?, m) 

Ju . - 



Tej(t) = Zj = Zj{§), fu = 

Thus, on each edge e G the function Tj('d) satisfies the equation —T"j(f) 
From 03.16P we obtain that 


which yields 


TeEO) = fu, vl/,_.(l) = , e = (w,t), 

e-*''(e’")<"(e)’^}Tey(5(e,T)) = fy, Wv G K, Ve G h{v), 


mmt)- 

(3.28) 

(3.29) 
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i.e., the condition fll.ldp holds true. Similarly, from fl3.26p we have 


^e,.(0) = 


fu COS Zj + 


^ej(l) = fu + fv cos Zj^ , e = (m, n). 


(3.30) 


Using fl3.3np . the left-hand side of the condition fll.ldp takes the form 


eS/*(D) e={v,u)&£f e=(u,i;)g£* 

E ( - /- COS Zj + E ^ - /, cos z,) 

„ ^ / e={u,v)£S* ^ ' 

= + E /.e'W'X’”*, V„el/, 

e=(i;,n)eA* 


e=(^!,^l)e£t 


This, the definition fl2.5p of the operator A('d) and the fact that •) is an eigenfunction of 
A('d) with the eigenvalue A('d) = —ooszj yield 


E ( 

ee/,(t!) 


.]^^5(e,i;)g-i5(e,'u){T(e),i?} V]/^^(e, u)) = 


v) COS Zj + (A(i9)tp(i9, •)) (n) j = 0 


for all n G 14, i.e., the condition fll.ldp also holds true. Thus, fl'j('d) is an eigenfunction of the 
operator Am{’^) with an eigenvalue z|. ■ 

Proof of Theorem II.3L For all 1 ? G T'^ \ {0} the Floquet matrix A('d) has u real eigenvalues 
— 1 < Ai('d) 4 ••• 4 Aj,('d) < 1. Due to Proposition 13.21 all eigenvalues Enj{'d) = of 

the operator Amv{^) are given by fll.22p and the eigenfunction j('d) corresponding to the 
eigenvalue Enj{^) (defined up to a constant factor) has the form fll.23p . 

Now we will show fll.24p . Let for the shortness 


CnJ = cos ZnJ (l?), Sn,j = slu Zn,j (l?), 


^n,j 


\J 


Direct integration yields 




eSf* 


E 


e=(„,„)6£. L 




+ (s„j - (e-‘<-<‘>-’»/„(u)/„(i,) + e‘<-<‘>-’»/„(u)/„(i,)) 


(3.31) 
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The definition fl2.5p of the operator A(i9) and the fact that •) is an eigenfnnction of A('d) 
corresponding to A„('d) yield 


E (e fn{u)fn{v) + fMfn{v)) 

e={u,v)£S* 


e={u,v)&A, 


e 'fn{u)fn{v) ='^fn{u) ^ 6 f ^{v) 


nev* 


e={u,v)&At 


(3.32) 


= -An(l9) E = C„j||'0n(l?, OllEv;). 

mSV* 


Snbstitnting the identities 


e={u,v)&£f 

and fl3.32p into fl3.3ip . we obtain 


vev* 


(3.33) 


I'^'nj('d)|li2('r^) — 


^nj ^nj^nj) \^nj 


||t/’n('d, •)ll^2(y^) — ||V’n('d, •)ll£2(y^)- 


The identity fll.25l) follows from Proposition I3.31 


The first eigenvalne Ai('d) and the corresponding normalized eigenfnnction 'ipi{d,-) have 
asymptotics as i? = euj, £ = I'd | —>■ 0, a; G 

Ai('d) = Ai(0) + £^/i(a;) + 0(£^), Ai(0) = —1, //(cu) = - Ai(£i^)|j,^g, 

.) =-01(0, •)+ 0(£^), 01(0,1;) = ./^, (3.34) 


v&Vt 


0^ = = ^i(^w,-)L=o’ 

where d = |f is the d-dimensional sphere. 

Proposition 3.3. i) Each eigenfunction Tij('d) = (Tij^e('d, , j G Zq, of the operator 

AM('d), 'd G T'^ \ {0}, defined by lil.2S[} . satisfies as e = {u,v) and £ = I'd! —?• 0 


^i,i,e('dA) = 


-iyV2 


K 


COS ( 710 f) - 


sin(7r0t)/^0f ^(o;, m) f}y\u,v) i 

\fh^) 


(1)^ 




(r(e),a;)j +0(e), 
(3.35) 

where 0 = j, if j is even, and 0 = j -|- 1 if j is odd. 

a) Let 'd G \ {0} and ^i('d) 0 |. Then all eigenfunctions \l/i,j('d), j G Zg, of AmI'^) 
satisfy 


|^i,i('*^)||L°°(r*) < \/2 (2 + — + M — 

\ 1\. SI 


where 


M = max r(e) N---max 

eSB. A u&V, ^ 

e={u,v)(: 

A is the distance between Ai(0) = —1 and the set cr(A(0)) \ {Ai(0)} 


1^1 \ 
sin zi ("d) / ’ 

(3.36) 

k(e)| 

■\J '^u‘^V 

(3.37) 





















20 


EVGENY KOROTYAEV AND NATALIA SABUROVA 


in) Let d & \ {0} and Zi{‘d) > | . Then all eigenfunctions j G Zq, of AmI'^) 

satisfy 


2\/2 

^—+ < oo, 


sinz 


1 


where zf is defined in M.20i) . 
iv) There exists a constant Cq > 0 such that 

\d\ 


sup . 
^eT<i\{o} sm 


= Cn < oo. 


Proof. Let for the shortness 


f’li'dyU) 


Zi,j = Zij{d), Zi = Zi{{}), fi{u) = 


For the eigenfunction , dehned by fll.23p . we have 


d'ij,e('d,t) = - 


^/2 


sm Zi 


fi{u) ( sin Zij cos{zijt) — cos Zij sin( 2 :ijt)) 


+/i(u) sm{zijt) 


= i-iyV2Mu) cos{zijt) — ■\/2sm{zijt)A{'d), 


where 


A{^) = -T^(fi{u) cos^i - fi{v)e 
sm V 


i{r(e), f?) 


Using fll.22p and 03.341) . we have the following asymptotics 

coszi = —Ai('d) = 1 — e^ii{u) + 0(£^), 
sinzi = (l - = [2e^yi{oj) + = e\/2ja{uj) (l + 0(e:)). 

Substituting fl3.34p and fl3.42p into 03.4ip . we obtain 

(1 + 0(e)) 


A(^) = 


- A''A"A o{e-) 


e^2^(u) 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


(3.42) 


VMO. u) ^ ^ £,(,(e),a.)) 




u 


'X, 

',(0 


(1)/ 


1 (u,u) ^jJ\ (u,v) i 


(3.43) 




X 


(r(e),a;)) + 0(e). 


Substituting 03.43p into 03.4np and using 03.34p and 

sin(^ij t) = sm(7ijA) + 0(e), cos( 2 ;ij t) = cos(7rj*t) + 0(e), 

we get fl3.35p . 

ii) The identity fl^FTnH gives 

|vl/i,,,e(i9,t)|< V2(l + |Al(i9)|). 

We have the decomposition 'ipi(d,v) = 'ipi(0,v) + 'ipi('d,v) and an identity 


(3.44) 
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We rewrite the difference on the right-hand side of fl3.4ip in the form 
fi{u) coszi - fi{v) = fi{u) - fi{v) + fi{u){coszi - 1) - - 1) 




= fi («) - fi i^’) + /i(«) - - 2/i(m) sin — - /i(n)(e 


1 ), 


which yields 


Mu) coszi - Mv) < l/i(«)l + l/i(^)l + 2sin2 | + 2 


sin 


(r(e), 


^ \ fi{u) \ + |/i(t)| +2sin2^ + |(r(e), 1 ^)\. (3.46) 

Now we estimate •), which is defined by the decompositions 

A(i9) = A(0) + A(i9), Ai(i9) = Ai(0) + Ai(i9), •) = •) + •)■ 

Let P be the orthogonal projection onto the snbspace of orthogonal to "01 (0, •). Then 

we can rewrite the eqnation A('d)'^i('d, •) = Ai('d)'0i('d, •) in the form 

(A(0) + A{<>)) ('/'i(0, 0 + MO, ■)) = (Ai(0) + Ai(^)) (^ii(0, ■) + MO, 0) (3.47) 

or, since '0i(O, •) and •) are orthogonal, 

•) = (A('d) - Ai(i?)lj.)'0i(i?, •), where G = P(A(0) - Ai(0)lj.), (3.48) 

and Ijy is the identity u x u matrix. From fl3.48p we obtain 

M'd, •) = G-'P(A(i9) - Ai(i9)l,)i/.i(i9, •). (3.49) 

This yields 

.(ll $ ||G-T|| . II (A(i)) - Ai(^)l„)^.,(tf, .)|| < 4 II A(tf) - A,(^)l„|l, (3.50) 

where A is the distance between Ai(0) = —1 and (t(A( 0)) \ {Ai(0)}. Dne to fl2.5p . we have 

^ Ai(i9) + |i9|T, (3.51) 


II A('d) — Ai(19)11.11 ^ Ai('d)-I-max ^ 


re 


ugv^ ^ ^ a/ 

g={u^v)£A* ^ 


where T = max ^ • Snbstitnting (13.5 ip into fl3.50p . we obtain 

“SV* e=(n,D)eA* 

ll4i(<7.-)IK4(A,W + |il|T). 

Using fl3.46p . fl3.52p . for A('d) defined by (13.411) . we have 


(3.52) 




1 /2 


sinzi \A 


Ai(i9) |i9| 2sin2 ^ + |(r(e), i9)| 


= tan^ + |^i^ +J^f|T + max|r(e)| ). (3.53) 


2 A sinzi sinzi yA esR 


Let Zi e (0, |]. Then sinzi ^ ‘^Zi. This and (I3.53P give 


A Zi('d) sinzi('d) ’ 


(3.54) 
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where M is defined by fl3.37p . Due to 2 ^ 1 ( 0 ) = 0 we have the simple inequality 

Ai('d) = Ai('d) — Ai( 0 ) = — cos^i('d) + 1 = J sint dt ^ zi{'d), 

0 

Ai(^) 


which yields that 


Ziild) 


^ 1. Then the estimate fl3.54p has the form 


|Al(i9)| ^ 1 + ^ + M— 


(3.55) 


A sin .^1 ( 19 ) 

Combining fl3.44p and fl3.55p . we obtain fl3.36p . 

iii) We have | < zii^d) ^ zf <71. This yields 0 < sin^]^ < sin 2:1 (■d). We note that Zi 7 ^ tt, 
since a bipartite graph T* consists of more than 1 vertex. Then the estimate fl3.38|) follows 
directly from the identity fll.23p . 

iv) Using the second formula in fl3.42p . we obtain 

itfi 1 




as 


sin^i(d) ^/2i4u) 

The following estimate holds true (see Theorem 1.2 in |KS15cj h 


^ 0 . 


(3.56) 


= — >0, VweS'^-*, 

xz/a \ C J 


d 

X = ^ ^ 

v&V, j=l 


(3.57) 


re 




where ei,...,erf G are bridges with linearly independent indices r(ei),..., r(ed) G 
Substituting the estimate fl3.57p into fl3.56p . we get 


1^1 


< 


sin zi (d) \/2Ti’ 

Then there exists a constant Ci > 0 such that 

m 1 




< 


+ Cl, for all I'd! < R, 


(3.58) 


sin zi (d) 

where R is some positive number. Now let I'd] ^ R. Then sin 2:1 (-d) ^ a for some constant 


a > 0 and 


|d| 


sin 2 : 1 ( 19 ) a 

Combining fl3.58p and fl3.59p . we obtain fl3.39p . 


Tiyd 

^ - < 00. 


(3.59) 


Proposition 3.4. i) All eigenfunctions n = 2,..., i/ — 1, (j, d) G Zq x (T'^ \ {0}), 

satisfy 


1^ 






< 


2 V 2 


a 


a = inf sin 2 ;„('d) > 0. 

n=2,...,u—l 


(3.60) 
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ii) Let I? G \ {0} and let F* be non-bipartite. Then all eigenfunctions j G Zq, of 

Am(i?) satisfy 

2\/2 

||^i/j('(9)||L°°(r*) <-, = inf sinzj,(i9) > 0. (3.61) 

i?eTrf 

Hi) Let I? G T'^ \ {0} and let F* be bipartite. Then all eigenfunctions j G Zq, of 

Am(i9) satisfy 

ll>t..j(tf)lk»(r.) < ^/2 (2 + ^ + Af . (3.62) 

where M and A are defined in Proposition \3.3[ ii. 


Proof, i) This estimate follows from the identity fll.23p . 
ii) Since F is non-bipartite, using fll.23p . we also have fl3.6ip . 
hi) Let for the shortness 

Zu,j = Zu,j{v), U{u) = - . 

V 

For the eigenfunction = {^u,j,e{'d,t )), dehned by fll.23p . we have 

'^u,j,e{'d,t) = {-ly \/2 fi,{u) cos{z,yjt) - V2sm{zt,jt)A^{d), 

where 

= -:^(fu{u) cosz^- f^{v) 

sm Zu \ / 

For bipartite graph F* with parts Vi and V 2 we have 


sinzi, = sinzi, cosZu = — coszi, fu{v) 


Mv), 

-/i(n), 


if T G Pi 
if T G P 2 


(3.63) 


This yields that A^{-d) = A{-d), where A('d) is dehned by 03.411) . Combining this, 03.631) and 
03.55p . we obtain 03.62p . ■ 


Remark. The estimates 03.36p . 03.38p . 03.60^ - 03.62p give that the eigenfunctions T„j('d), 
{n,j,-d) G My X Zq X \ {0}, are uniformly bounded with respect to n,j,-d. 


Proof of Corollary 11.41 Recall that Am = Amd ® Amv and Theorem 11.21 gives 

(^{Amd) = crfb{AMD) = o'd- (3.64) 

Thus, we need to consider the operator Amv- Since each A„(-) is a real and piecewise analytic 
function on the torus T^, each Znj{-), {n,j) G My x Zq, dehned by the formula 01.22p . is also 
a real and piecewise analytic function on T'^. Then 01.221) yields 

cr(AMy) = yj cr„j(AM), anj{AM) = [E^j, Efj] = zlj{T‘^), (3.65) 

(n.j)eNyXZo 

where E^j are dehned in 01.26p . Since A„(-) = const, ioi u — r < n ^ v and all other 
eigenvalues Ai(•),..., Ay_r(-) are not constants (in any small ball), we obtain 01.261) . ■ 
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Recall that we identify an edge e* = E of the fnndamental graph F* = 

with an index r(e*) with the edge e = {u^v + ^(e*)) G of the graph F = iV^E), where 
u,v eVq snch that m* = fy('u), n* = fy(n). 


Proof of Proposition [lT5l i) We fix d G T'^\{0} and consider the space X of all fnnctions 
/ : P —)■ C satisfying the following qnasiperiodic condition: 

f{v + rn) = f{v), for all {v,m) eV x if'. (3.66) 


Such a function / is uniquely determined by its values at the fundamental graph vertices. 
Thus, X is isomorphic to The fiber Laplacian A('d) : can be also 

defined as the restriction to the space X of the operator A. 

Let fni'&i •) £ be the normalized eigenfunction of A('d) corresponding to the eigen¬ 

value A„('d). The function fnif, ■) defined by fll.28p satisfies the qnasiperiodic condition: 

'0n('d, n + m) = n), (n,m)GPxZ'^, (3.67) 


i.e., 'ipn{'&, •) £ X. For each v E V we have the unique representation v = vo + m for some 
To £ P) and m Elf and, due to fl3.67p and the definition of edge indices, we obtain 


(Ap„(i9, •))(t) = (A(i9)P4i9, •))(t) = P<”^’’'>(A(i9)p.(i9, •))(to) 

gi{m, i?> ^ _ gi{m, i9> gi{T(e),i?} 


___ 1 _ „i(m,-d) _ __ 


ivo,u),ee 


VQ 


e={vo,uo)e&£* 


'J 


X, 


V’n('d,Mo) 


■Uq 




E 


gi{r(e),i?> 


^=(vo,uo).&£, 




= e*^™’’^^An(l?)'0n(l?,To) = A^(l9)pn(h', u). 


Thus, '0n('d, •) E £‘^{V) is an eigenfunction of A corresponding to the eigenvalue An('d). 

ii) The proof of this item is similar to the proof of the item i). 

iii) If we denote u = v + m in fl3.67p . where u E V G then for all n G P fll.28p gives 

The function Lpn{'&,u) = -u) is Z'^-periodic with respect to u, since 

(^„(d, n + m) = n + m) = n) 

= m) = (pn{'&-,u), {u,m) G P x Z*^. 

Thus, fll.30p has been proved. The proof of the identity fll.3ip is similar. ■ 


We recall known results (see Theorems 4.5.2 and 4.5.4 in |BK13] I about the connection 
between true eigenfunctions from f'^(P) and T^(F) of the discrete and metric Laplacians, 
respectively, and eigenfunctions of their fiber operators. 

Proposition 3.5. Let 'fni.'&i •) G ^^(P.)? G \ {0}, he the family of the normalized eigen¬ 
functions of the fiber operators A(d) corresponding to the eigenvalue An E afb{A) for some 
n = TO — r -\-l,... ,10 and let \h„j('d, •) G T^(F*) be the family of the normalized eigenfunctions 
of the fiber operators AM('d) corresponding to the eigenvalue zX g ayAu) defined by M.2S\) . 
j = 0,1, 2,.... Then the following statements hold true. 
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1) The eigenfunction G of the discrete Laplacian A corresponding to the flat 

band A„ has the form 

~ r ■ di9 

'ipn{v + m)= V(T,m) e K X (3.68) 

Jjd (zvr)" 

a) The eigenfunction ^n,j(‘) ^ -^^(r) of the metric Laplacian Am corresponding to the flat 
band zfj has the form 

~ r di9 

'^r^j{x + m)= V(x,m) er, xZ". (3.69) 

Jjd (27r)“ 

Remarks. 1) The right-hand sides of fl3.68p and fl3.69p are the inverse operators of the 
nnitary operators (Floqnet transforms) U and ^ from fll.dp and fll.lip . respectively. 

2) The eigenfnnctions dehned by fl3.68p and 03.691) are compactly snpported. 


4. SCHRODINGER OPERATORS ON PERIODIC METRIC GRAPHS 


4.1. Trace class estimates. We consider Schrodinger operators H on the periodic graph T 
given by 

H = Ho + Q, Ho = Am. 

We assnme that the potential Q = {Qe)eee is real and belongs to the spaces T^(r) n L‘^(T). 
Recall that Ro{k) = {Hq — R{k) = [H — k‘^)~^ and 

Fo(fc) = \Q\^Ro{k)Q^/\ Y{k) = \Q\^R{k)Q"Y = IQI^signQ, (4.1) 

k e C+. Note that Propositions 13.31 and 13.41 give 


(Zr := snp ||T„j(h')|lioo(r^) < cx). 

(n,j,i?)sNiy X Zo XT'* 


(4.2) 


Let Tlkix, x', ^),x, x' e T*, be the kernel of the integral operator (AMv('d) — fc^) ^ on L^(r*). 
Dne to Theorem 11.31 we have 


7^fc(a;,a;',^9) = '^'^ 

j=0 n=l 


^ri,j('d,x)^ri,j('d,x') 


X, x' e T* 


(4.3) 


Theorem 4.1. i) Let {Q, k) G x C+ and let Afj ^ 0. Then (A|^ — k) ^|Q| 2 g B 2 and 

Yo{k) G Bi and they satisfy 


||(Al,-fc)-^|Q|i|||^^Co||Q||M(r) 

\\Yo{k)U,^C{Q,k), 

where C{Q,k) = Co||Q||Li(r) 

Co = 2(z/Cp — i^), 


2 1 
+ 


+ 


ifmkY Imfc/ ’ 


1 \ 2 / 2 1 \ 2 

+ 


(Im/c)2 Imfcy Vl^P 1^1 


ro(fc)iiB, = 


0 ( 1 ) 

\k\m.k\'- 


(4.4) 


(4.5) 


as 


Im fc —)■ cx). 


(4.6) 
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Moreover, ifHek ^ 0, then 




W ^ l*:| 


ii) Let, in addition. 


Then 


sup \Q{x + m)\ = ■Jm, melh’-, ^ 7 ^ = 7 < cx). 

meZ'* 


+ 


(Im ky Im k J 


(4.7) 


(4.8) 


(4.9) 


(4.10) 


IK^m - k) ^\Q\^\\b2 ^ 

Moreover, if lie k ^ 0, then 

1 

Proof, i) Due to Theorem ll.il the operator {Afj — k)~^ has the form given by 

■a'(Ai, - = ((Ain(tf) - fc)"' © (Ai„(tf) - (4.11) 

where the unitary operator : L^(r) —)■ is dehned by fll.lip . h G T^(r) is compactly 
supported and 'd G T'^. Consider the second term on the right-hand side of 04.111) . Using 
Theorem 11.31 and denoting a = {n,j) G x Zq, Zq = {0,1, 2,...}, we obtain 

{Li,vW-ky\^h)(f>,o= E - 


E 


Q; GNj / X Zq 


Za{l^) - k 


Zaihd) — k 

oeN^xZo ^ ’ 

4/Q,('d,a:) [ ('^/i)('d, a;')\l/c^('d, x') dx'. 


Using Q G T^(r), the normalized condition Jp |4/Q,('d,x)dx = 1 and 04.2p . this gives 

||(AU(.)-A.)"%|Q|i| 


|2 

IB 2 


(27r) 


■E E 

meZ"^ oSNi/XZo 


dd 


Ijd I^Q-('d) — dr. 


< 




(27r)^ 


E E 


\Q{x + m)\ ■ 14/Q,('d, x) 1^ dx 
dd 


meZ'^ aeNi,x5 


I'ld \za{d) — fcp dr. 




Let k = p + iq^<C, q^i). We assume that the following inequality holds true 

1 


Q{x' + m) I dx' 
dd 


(4.12) 


1 4 2 

^ \z^,j{d) - fc|2 ^ g 2 + 1^1 

Substituting 04.13P into 04.12p . we obtain 


for each n G N,, 


(4.13) 


ll('^My(') IIb 2 ^ IIQIUhr) 


~ + 77 

r m 


(4.14) 
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Now we prove fl4.13p . Due to fll. 22 p . we have the following identity 

^ oo ^ oo ^ 


j is even 




^^ - z 

+ Tij -p) + g2 (7r(j + 1) - Zn{^) -p) +q^ 


j is odd 


Let 


p - Zn{'&) = Tr{m + a), p + Zn{'&) = n{mi + ai) 
for some m,mi G Z, and a = a('d),ai = 01 ( 19 ) G (0,1). Then 

^ ^ CX> ^ CX 3 ^ 


E 


E 


\zn,ji'&) - k\^ 7r2(j - m - a)2 + g2 ^^-2(^j g 


E 


j=0 


3 — 
j is even 


j is odd 


< 


E 


E 


< 


E 


^ 7r2(j —a)2 + g2 Z-^ 7r2(j — ai)2 + g2 g2 ^^2^2 _|_ 

4 dt _ 4 2 

^ Jo 7r2f2 + g2 g2 + |g| 

Consider the first term on the right-hand side of fl4.1ip . Similar arguments yield 

II (aE(.) - A.)-%|Q| 5 |||„ s; 2 (... - 0 IIQIlL.,r) (^ + ^) ■ 

Summing fl4.14p and fl4.16p and using fl4.1ip . we get 


ll(A|,-A;)-^|Q|t||^^ = ||^(A|,-A;)-^|g|Di2 


^ 2(z/Cp + 12^ — p)||g||Li(r) 

Thus, fl4.4p has been proved. 

Let, in addition, Refc ^ 0. Then 


^ ) - C'oligilLpr) 


+ 


(Imfc )2 I \mk\ 


( 4 . 15 ) 


( 4 . 16 ) 


( 4 . 17 ) 


( 4 . 18 ) 


|j„(D) - *:|i = -p) + 4 ^ ^ 4 (> 1 ) + pM 4 ^ = z 2 (tf) + |*:p 

and using above arguments we obtain fl4.7l) . 

For any k G C+ we have the following factorization 

r„(i) = \Q\iMk)Q"^ = (lOI^Ai + i)-‘) ((Ai - k)-'Qi). 

Then ^ ^ 

IIIWIIb, < |||Q|i(Ai + P)-i||3j|(Ai-P)-'QhB. 

and, applying the estimates fl4.17p and fl4.7p . we obtain fl4.5p . which yields asymptotics fl4.6p . 
ii) Let the potential Q satisfy fl4.8p . Then using fl4.12p and fl4.13p . we obtain 

II (Amv 7(-) “ '^IQhllB2 

\Q{x' + rn)\- dx' d'd 


{2tiY 
< 


E E 

mSZ'^ aSNi^x 

1 


Ijd Izaiid) - A:|^ 


(277) 


5.’- T. /. 




mSZ'^ aSNyXZo 


jd \Zaild) - /c|2 


^ 277 / 


+ 


(Im/c)2 |Im/c| 


(4.19) 
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Similar arguments yield 




2 1 
+ 


ilmkY |Im/c| 


(4.20) 


Summing fl4.19p and fl4.20p and using fl4.1ip . we get fl4.9|) . 

Let, in addition, Refc ^ 0. Then using (14.181) and above arguments we obtain (14.101) . 

Lemma 4.2. Let {Q,k) G L^(r) x C+. Then 

OO ^0 


TrFo(/c) = 


Qn,j{'&) 


EE 




where 


{2'kY 5 

Qn,j{'&) = f Q{x+ m)\'^a{'&,x)\^dx, 
Q{x+ m)\'^lj{i^,x)\‘^dx. 




(4.21) 


(4.22) 


Proof. Due to Theorem 11.31 and (14. 3 p we have 


{{^Mv — k ) f,g) 


= dx dx' 


I Yd 


dd 

{2nY 


e '^'''^'^lZk{x^x\-d)f{x + rn)g{x' + rn')-, 


where f,g G T^(r) are compactly supported functions. Then this yields 

dd 


Tr(|Q|5(AMy-fc2)-ig5) = j dx 

^ i* /» 

ee/ 

}=0 n=l 


I Yd 


{2ttY 


TZk{x,x,'d)Q{x + 


m] 


d-d ^ g(a: + m)|4/Q,('d, x)p 


j=U n= 

Similar arguments yield 


Yd {27rY 


■£ f2 - ... «. 


- k^ {27 iY Jrd jYi ^ - k^ 

TT{\Q\-YAMD-kY-^Q'^) 


V V / dx [ 

^ ^ Jr, 


dd g(x + m)|T°^.(i9,a;)p _ 1 

- k"^ (2vr)'^ ^ (ttjT - 






Combining these results and using the identity 

TrFo(fc) = Tr (|g|yAMv - + Tr (igi^AMD - 

we obtain (I4.2ip . ■ 

4.2. Fredholm determinants. In order to discuss Fredholm determinants we recall well- 
known facts |S05] . Let "H be a Hilbert space endowed with an inner product (, ) and a norm 
II ■ II. Let B denote the class of bounded operators. Let Bi be the set of all trace class operators 
on IL equipped with the trace norm || ■ ||bi. 

• Let A,B E B and AB, BA G Bi. Then 

Tr AB = Tr BA, 


(4.23) 
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det (/ + AB) = det (/ + BA). (4.24) 

• Let A,B^ Bi. Then 

|det(/ +A)| ^ (4.25) 

|det(J +A) -det(J + 5)| ^ (4.26) 

Moreover, J + ^4 is invertible if and only if det(/ + A) 0. 

• Suppose for a domain ^ (Z C, the function (•) — / : f2 —)■ Bi is analytic and is invertible 

for any z E S'. Then F[z) = det (^) is analytic and satishes 

F\z) = F{z)TiVl-\z)Q!{z). (4.27) 

By Theorem 14.11 each operator To(^) ^ Bi, k G C+, and we can dehne the determinant 

D{k) = det {I+ Yo{k)), keC+. (4.28) 


Lemma 4.3. Let Q G T^(r). Then the determinant D{k), k G C+, is analytic in k E C+. If, 
in addition, the constant C{Q, k) < 1, defined by then 

OO ^ 

logD(fc) = - - Tr ( - Yo{k))\ (4.29) 

n=l 

where the series converges absolutely and uniformly, and for any N 0 we have 


N 

log D{k) + ^ 

n=l 


Tr(-yo(fc))" 

n 


(iV + l)(l-C(Q,fc))- 


(4.30) 


Proof. By Theorem 14.11 the Bi-valued function To(^) is analytic in C+. The series fl4.29p is 
standard, see |Sn5] . Under the condition ||yo(^)||Bi ^ C{Q, k) the identity fl4.29p gives 04.30^ . 


Proof of Theorem 11.61 Due to 04.41) . 04. 5 p we have 01.341) . Then it is well known that 
there exist the wave operators W± and they are complete, see |RS78j . Moreover, S-operator 
given by 01.36p is unitary on AYafiafi) and the corresponding S-matrix S{k) for almost all 
k!^ E aac{Ho) satishes 01.37p and 0ll38p . ■ 

5. Lattice graph 

We consider the lattice graph L'^ = {¥,£), where the vertex set and the edge set are given 
by 

V = Z‘^, S = {{m,m + ai),..., {m,m + Od), VmGZ'^}, (5.1) 

and ai,...,ad is the standard orthonormal basis, see Fig|2]a. The ’’minimal” fundamental 
graph = (K, ^^*) of the lattice L'’* consists of one vertex v and d edge-loops ei = ... = = 

(t, v) with indices Oi, ..., a^, see FigI2|). For each D = (■di,..., ltd) E T'’* the Floquet matrix 
A('d) degenerates to the scalar function 

A('d) = —i (cos'll -I- ... -1- cos'drf), (5.2) 

which yields that the unique eigenvalue of A('d) and the corresponding normalized eigenfunc¬ 
tion are given by 


A('d) = A('d), 'ip{I},v) = l. 


(5.3) 
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The fiber operator acts on functions y = (2/e)ee£:* ^ by {^M{.'&)y)e = ~2/e^ 

where {y'J.)e£S* ^ -b^(Ihf) and y satisfies the quasi-periodic conditions: 

!/e,(0) = ... = y^^{0) = = ... = (5.4) 

+ ■ ■ ■ + J/LC)) - e-"'!/!.)!) - ■ ■ ■ - = 0. (5.5) 

Indeed, substituting the indices ai, 02 ,..., of the fundamental graph edges into the formulas 
fll.ldp . fll.ldp . we obtain the conditions fl5.4p - fl5.5p . 



Figure 2. a) Lattice L^; b) the fundamental graph Lj. 


Proposition 5.1. Let j G N. Then for each i? G T'^ \ {0} the operator AM('d) has the 
eigenvalue Ej = (vrj)^ of multiplicity d — 1 and the corresponding normalized eigenfunctions 
= (^°j,e)ee£*, s = 1 ,..., d - 1 , have the form 

^0 V2JpSm{TTjt) Jjd = l, 

^ 14 = 0 , 

1 _ 

where Cg ji'd) = - 7 - ——. 

Proof. Since the number of the fundamental graph vertices u = 1 and the number of the 
fundamental graph edges i/* = d, due to Theorem 11.21 for all ■d G \ {0} the eigenvalue 
bas multiplicity z/* — z/ = d — 1 and all normalized eigenfunctions corresponding to the 
eigenvalue (vrj)^, have the form 


Jg = 

\/p S,d 


= (^°i,e)ee£U = Xgj^^{'d)V2 sm{7ijt ), s = 1,..., d - 1, (5.7) 

where (-^sj-,e('d))^g^ is a normalized solution of the equation 


5 ^x,(l-(-l)'e-‘'’-)= 0 . 

p=l 
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This equation has d — 1 linearly independent solutions 

= - C*!,, Xi,,,e,(l9) = 0, 

• • • ) Xij_ed_i('d) = 0, Xij_ed('d); 
X2,,,e,(l9) = 0, X2,,,e,(l9) = 


X2J,erf_l('d) - 0, 


X 


2,i,ed 


(i9); 


(5.8) 


Xd_lj,ei(l^) — 0, — 0, . . . , 

Xd-lj,e^_l ("d) = —Cci-ljXci_ij^ed('d), Xc(_ij^ed('d), 

where Cs,j = Cgji’d) are defined in fl5.6p . Each constant Xsj,ed('d), s G Nd_i, is determined 
by the condition ||T°j('d, •)|| 2 , 2 (Ld) = 1. Then fl5.7l) . 05.81) give 


d 1 


1 


1 


1 = ll^s,i(^,-)lli2(Ld) = E / dt = J dt + J dt 

P=10 0 0 

1 


= 2 X, 


‘-sj,es 


+ lX,j,e,(l?)|^) / Sin2(7rjt) dt = (l + f, 


which yields that the constant X^j e^('d) may be chosen in the form Xg^^^^i'd) = ^ ^ • 

Snbstitnting this and 05.8p into 05.7p . we obtain 05.6p . ■ 

From 05.3p and Theorem 11.31 we dednce that the operator /S.Mvi.'d) on the metric graph Lf, 
defined by O1.20p . has the spectral representation 


Aw(i9) = z]{'d)Vj{'d), for all it G T*" \ {0}, 

i=o 


where its eigenvalnes z^{d) and the corresponding normalized eigenfnnctions 

are given by: 


Zj{ld) = 


z{d) + vrj, j is even 

(vr — z{d)) + TTj, j is odd ’ 


z{d) = arccos ( — A(it)) G (0,7r), 


(5.9) 


^j,e,(it,t) = ^ (sin(zj(it) (1 - t)) + sm{zj{^)t)), t G [0,1]. 


Since A (it) = — ^ (cositi + ... + cosit^), we have 

[A“, A"*"] = [—1,1], = arccos(—A“) = 0, = arccos(—A"*") = vr. 

Recall that Zq = {0,1,2,...}. Then, dne to the formulas 01.261) . the Laplacian Am on L^(L'^) 
has the spectrnm given by 

c’'(Xm) = o'ac(XM) U cr/6(Ajvr), <T/f,(AM) = o’fbiAMn) = o'd, 
aac{AM) = IJ cri(AM) = [0, Too), = [(7rjE,(7r + 7rj)^]. 

jeZo 
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6. Graphene lattice 

We consider the hexagonal lattice G shown in Figj3]a. The periods oi, 02 of the lattice G 
and the fnndamental vertex set Vq = {^ 1 ,^ 2 } are also shown in the hgure. The fnndamental 
graph G* = where 14 = {^ 1 ,^ 2 } consists of two vertices and three multiple edges 

ei = 62 = 63 = (^ 1 ,^ 2 ) (Fig®) with the indices r(ei) = (1,0), r(e 2 ) = (0,1), r(e 3 ) = (0,0). 
The Floquet matrix A('d), = (■di,'d 2 ) £ has the form 

AW = , .^W = -pl+W+W). (6.1) 

Then the eigenvalues of A('d) are given by 

Ai(i9) = -A 2 (i?) = -| 4 (i?)|. ( 6 . 2 ) 


V2 

o 




Figure 3. a) Graphene G; b) the fundamental graph G* of the graphene. 


Proposition 6.1. i) The fiber operator Am acts ony = (t/e )e6^. GL2(G,) by iAMime = 
-y'fi where (t/")ee£. e L\G^) and y satisfies the quasi-periodic conditions: 

!/n(0) = fc(0) = !/e,(0), e-’'!/e.(l)=e-’"fc(l) = !/e,(l), (6.3) 


+ »«(<))+ 

= O- 

a) Let j G N. Then for each ■d G \ {0} the operator AMifi) has the simple eigenvalue 
Ej = (tj)^ and the corresponding normalized eigenfunction has the form 

sm{TTjt) , f G [O, l], (6.5) 


where 


^ 1 — cos('di — 192) 

^ 3 — cos t?! — cos ^2 — COs('di — ^ 2 ) , 




1/2 


( 6 . 6 ) 

(6.7) 


Proof, i) Substituting the indices r(ei) = (1,0), r(e 2 ) = (0,1), r(e 3 ) = (0,0) of the funda¬ 
mental graph edges into the formulas fll.lOp . fll.lip . we obtain the conditions fl6.3p - fl6.4p . 

ii) Since the number of the fundamental graph vertices v = 2 and the number of the 
fundamental graph edges z/* = 3, due to Theorem 11.21 for all t? G \ {0} the eigenvalue (vrj)^ 
has multiplicity z/* — z/ = 3 — 2 = 1 and the unique normalized eigenfunction, corresponding 
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to the eigenvalue (vrj)^, has the form fl6.5p . where (Xe('i9))^g^ is the normalized solution of 
the system of two equations 




+ Xe 2 + Teg 


0 , 


i'^1 rp I ^^2 rp I rp 

C- Jb I o t/^02 I vL/02 


0 . 


( 6 . 8 ) 


which yields fl6.6p . The constant Xe^i^) is found using the condition •)||l2(g*) = 1- 

Using 06.51) ■ 06.61) . we have 


1 = ll^?(^,-)lli2(G.) = f |Xe,('d)|^) f sin2(7rjt) dt 

s=i -I s=i “ 


= 1 + 


1 — e 


—i’dl 


D—i'&l _ p—i'&2 


+ 


1 — e 


—i»?2 


3—_ p— 


Xe3(l9)l = 1 + 


2 — cos I?! — cos '02 
1 — cos('di — O 2 ) 




which yields that the constant Xe^{d) may be chosen in the form 06.71) . 


Proposition 6.2. The operator Aon G*, defined by M.2(h) . has the form 

00 00 

Amv{'0) = 4i(^)^2,i(i9), for all i9gT2\{0}, (6.9) 

j=0 j=0 

'where its eigenvalues zX{'0) and the corresponding normalized eigenfunctions \l'„j('d) 
= (^nj,e('d, have the form: 


Zn,j ('d) 


Zn{'0) + vrj, 

(vr - z^{;0)) + vrj, 


j is even 
j is odd ’ 


Zn{0) = arccos 10(19)1) G (0,7r), 

( 6 . 10 ) 


^ sin(2;„j(i9) (1 - t)) + sin(^„j(i9) t)) , (6.11) 


0 ( 1 ?) is defined in \6. il) . 

Proof. Using 01.2ip . 01.22p . we obtain 06.9p . O6.10p . From 06.ip it follows that the normalized 
eigenfunction 0„('d, •), n = 1,2, corresponding to the eigenvalue A„('d) satishes 

-A„(i9)0„(i9,Ti) + 0('d)0n(l9,P2) = 0, 

|0n(l9,Ti)P + |0n(l9,T2)P = 1, 

which yields 

0n(l9, Ti) = V 2 ) = , .yj. oM 0n(l9, V 2 ) (6.13) 


( 6 . 12 ) 


A„(i9) (-1)^ 

and we may choose 'fin{'0,V2) = ■ Substituting this and 06.13P into 01.23P of Theorem 11.31 

we obtain 06.lip . ■ 

Corollary 6.3. The Laplacian Am on Lfi{G) has the spectrum given by 

<t(Am) = (Tac(AM) Ucr/6(AM), 

(6.14) 

O'aci^M) = [0,+C)o), afb{AM) = O’fhiAMo) = CTd- 
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Proof. The eigenvalues of A('i9) is given by 
yields 

|Ar,A+]=A,(T") = [-l,0], 

and 

= arccos(—Ah) = 0, 

Z 2 = arccos(—Ah) = f , 
Then, using the formulas fll.26p . we obtain 


An('d) = -^—1^ |1 + n = 1,2, which 

[Ah,A+] = A2(T2) = [0,l] 

zf = arccos(—A^) = |, 

Z 2 = arccos(—A^) = vr. 


o'ljiAM) — [Eij,E^j] 
(^2,j{^M) = [E2J,E2 j] 


E(f 

[(f+ v^J)^(7^ + 7^J)^], 


j is even 
j is odd ’ 


j is even 
j is odd ’ 


j G Zq — {0,1, 2,... }, 


2 

^ac (Am) = UU-« j(Am) — [ 0 ,+00), a fh{^Mv) — 0 , (y fb{^M) — CTfbi^MD) — CTd- 

n=l jeZo 


Thus, fl6.14p has been proved. ■ 


7. Stanene lattice 

Stanene is a topological insulator, theoretically predicted by Prof. Shoucheng Zhang’s group 
at Stanford, which may display dissipationless current at its edges above room temperature 
[Z13] . It is composed of tin atoms arranged in a single layer, in a manner similar to graphene. 
The addition of fluorine atoms to the tin lattice could extend the critical temperature up to 
100°C. This would make it practical for use in integrated circuits to make smaller, faster and 
more energy efficient computers. Stanene has a band gap, it is a semiconducting material. 
That makes it useful as material for use in a transistor, which must have a component that 
turns on and off. For more details see |Z13j and references therein. 



V2 



V2 


Figure 4. a) stanene S; b) the fundamental graph S, of the stanene. 


A vertex of degree one is called an end vertex. An edge incident to an end vertex is called 
a pendant edge. The stanene lattice S is obtained from the hexagonal lattice G by adding a 
pendant edge at each vertex of G (see FigJl^). We choose the orientations of the edges such 
as it is shown in FigJUr. We consider the discrete and metric Laplacians on the stanene lattice 
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S. The fundamental graph S* consists of 4 vertices Ui, ^ 2 , "^^ 3 , ^4 with degrees kx = = 4, 

X 3 = >£-4 = 1 and 5 oriented edges 

ei = 62 = 63 = (ui, U2), 64 = (ui, U3), eg = (u2, ^4)- 


The indices of the fundamental graph edges with respect to the fundamental vertex set Vq = 
{ui, U 25 '^^ 3 , P 4 }, see FiglHa, are given by 

r(ei) = (l,0), r(e 2 ) = (0, 1), r(e 3 ) = r(e 4 ) = r(e 5 ) = (0, 0). (7.1) 

For each = ('di,'d 2 ) G the matrix A('d) has the form 

/_0 b{^) 1 0 \ 

6(i9) 0 0 1 

1 0 0 0 


A(i9) = 




(7.2) 


\ 0 100 / 

A direct calculation gives 

det (A('d) — AI 4 ) = ^ , (7.3) 

where I 4 is the identity 4x4 matrix. The eigenvalues of the matrix A('d) are given by 


, , \m\, yiwn 

Ai,2,3,4(W) - ±- 7 - ± - 7 - 


(7.4) 


Proposition 7.1. The spectrum of the discrete Laplacian A on the stanene lattice S has the 
form 

a{A) = aac{A) = (J (t„(A) = [ - 1; -i ] U ; l], 

n=l I'-Oj 

ai(A) = [-1, -i], a2(A) = [-i, -i], a3(A) = [i, i], a4(A) = [i, 1]. 


Let B = 


Proof. We need the following statement (see Theorem 4.3.8 in |HJ85j b 
'A 

y 

matrix A, some real number a and some vector y G C^. Denote by Ai(A) ^ ... ^ Xi,{A) the 
eigenvalues of A, arranged in increasing order, counting multiplicities. Then 


be a self-adjoint (i/ + 1 ) x (z/ + 1 ) matrix for some self-adjoint u x u 


Xi{B) < Ai(A) ^ A2(4B) < ... ^ X,{B) ^ A,(A) ^ A,+i(4B). 


Applying this statement to the matrix A('d), we obtain 

Xii'd) ^ — ^ A2(i9) ^ 0 < A3(i 9) ^ i ^ A4 (i9), Vi9 G TT (7.6) 

Tl PP 

Ai(0) = -1, A,(f,-f)=-y 

using (ESI) and the fact that the spectrum of a bipartite graph is symmetric with respect to 
the point 0, we have 


ai = Ai(T2) = [-1, -1], (74 = A4(T2) = -Ai(T2) = [|, 1]. 

From fl7.3p and fl7.6p it follows that 

A4(i9)A2(i9) = ^ 


(7.7) 

(7.8) 
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This and fl7.7p yield 

(T2 = A2(T2) = [ - 
Thus, fl7.5p has been proved. ■ 


ff3 = A3(T2) = -A 2 (T 2 )= [i.i]. 


(7.9) 


Proposition 7.2. i) The fiber operator Am acts ony = {ye)ees* ^ by {AM{'^)y)e = 

—y”, where {y”)e£S* £ and y satisfies the quasi-periodic conditions: 

yei(O) = ye2(0) = 2/03(0) = 2/04(0), 

e-*’^i2/ei(l) = e-^^^yefil) = 2/03(1) = 2/05(1), 

2/01(0) + 2/02(0) + 2/03(0) + 2/04(0) = 0, 

+ 2/'3(1) - 2/(,5(1) = 0, 

2/;4(1) = 0 , 2/^5 ( 1 ) = 0 . 

iij Let j G N. Then for cach'd G T^\{0} the operator Am {'d) has only the simple eigenvalue 
Ej = (tj)^ and the corresponding normalized eigenfunction = (d^°e)eg£: form 

^ x^.WV2M’'3t), 3 = 1 , 2 , 3 , = = ( 7 . 12 ) 

where the constants s = 1,2,3, are defined by 116.6\) . (|h. ?! ). 

Proof, i) Substituting the indices fl7.ip of the fundamental graph edges into the formulas 
fll.ldp . fll.ldp . we obtain the conditions fl7.10p - fl7.1ip . 

ii) Since the number of the fundamental graph vertices z/ = 4 and the number of the 
fundamental graph edges z/* = 5, due to Theorem II.21 for all'd G \ {0} the eigenvalue (ttj)^ 
has multiplicity z/* — z/ = 5 — 4 = 1 and the unique normalized eigenfunction, corresponding 
to the eigenvalues (ttj)^, has the form 

^° 0 (^>^) = ^0(i9)\/2sin(7rjf), (7.13) 

where is the normalized solution of the system of 4 equations 


(7.10) 

(7.11) 


+ 3^63 + ^^4 = 0, 


^ ^ I ^ i'&2 rp I 

O Jb I O Jb I Jb, 


e3 


1/02 I *^e3 I *^64 

(-l)^Xe5 = 0 , 


X, 


04 


= 0 , 


X, 


e5 


= 0 , 


(7.14) 


which yields the system 


for Xe^, s = 1,2,3. The unique normalized solution of 


IS 


given by 06.61) . 06.71) . Thus, 07.12|) has been proved. 


Proposition 7.3. The operator AMvifi) on S*, defined by M.2Ch) . has the form 

4 CO 

Amv{'&) = EE <i(^)^n,i(i9), for all i9gT2\{0}, (7.15) 

n=l j=0 

where its eigenvalues z^j(-d) and the corresponding normalized eigenfunctions 4/„j('d) 
= (^nj, 0 ('d, t))^g^ have the form: 





j is even 
j is odd ’ 


Zni-d) + vrj, 

(tT - 2„(i9)) + TTJ, 


Zn{d) = arccos ( - A„('d)) G (0, vr), (7.16) 
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= ya sin(^„j(-) (1 - t)) + sin(z„j(•) t)) , 

s = 1,2,3, 

^n,i,e4(-, t) = (Mpl sin(z„j(-) (1 - t)) + P 3 ) sin(z„j(-) t )^, 

^n,i.e5(-,t) = ii^;5(0 (1 -t)) +!/>„(•,P4)sin(2;„j(-)t)), 


1 /2 

'0n(-,Tl) = (^i+4A2(.)) ! T 2 ) = — ^ (2A„(-) — 2X;^)V’n(-, Tl), (7 18) 

V’n(-,P3) = -2A7(0 V'n(-,Pl), ^n(-,P4) = aA^Vl) 


Proof. Using (OH), dOH, (OH, we obtain (OH, (OH, dUH- 
For each i? G the Floquet matrix A('i9) has the form fl7.2p and the eigenvalues of A('d) 
are given by fl7.4p . Then the eigenfunction '^„('d, •), corresponding to the eigenvalue An('d) 
satishes 


An(-)^n(-, Tl) + I K-) V’n(-, ^ 2 ) + | V’n(-, T 3 ) = 0, A„(-)V’n(-, T 3 ) + | ^n(-, Tl) = 0, 

An(-)V’n(-, P2) + I K) '0n(-, + | '0n(-, ^^4) = 0, A„(-)l/’„(-, T4) + 1 '0„(-, ^2) = 0, 


which are normalized by ^ |'0n(‘, = 1- Using fl7.3p . we obtain that 

S = 1 


( 7 . 19 ) 


|6(tf)l = 2A„(,1) - jGto 

Solving the system of the equations fl7.19p and applying 07.201) . we have 07.18p . 
Corollary 7.4. The Laplacian Am on T^(S) has the spectrum given by 

(^{Am) = 0 'ac{AM) u afb{AM), CTfbiAM) = O'fbiAMn) = (^D, 
aac{AM) = [o, rl] UjgZo [{r- + 27rj)^ ( - r_ + 27r(j + 1 ))^], 
Ujezo [( - + 27r(j + l))^ (r+ + 27r(j + 1 ))^], 

where r± = arccos ( ± |) ■ 

Proof. Due to Proposition 17.11 we have that the bands [A“, A+] = A„(T^) satisfy 


(7.20) 


(7.21) 


[Ar,A+] = [-1,-|], [A 2 -,A+] = [-i,-i], [A 3 -,A+] = [1,1], [A4-,A+] = [1,1], 


and 


= arccos(—A 7 ) = 0, 

Z 2 = arccos(—A^) = |, 

= arccos(—Ag ) = arccos ( — |) , 


277 


2)4 = arccos(—A 4 ) = 3 , 


4 , 2J, L '4 , ^'4 J 12’ 

z'l = arccos(—A]*") = |, 

Z 2 = arccos(—A^) = arccos ( 1 ), 
z'^ = arccos(—A^) = ^ , 
z'l = arccos(—A 4 ) = vr. 
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Then, using the formulas fll.26p . we obtain 


c^3j(Am) = = I 

<74 ,^ (Am) = 



[(ttj?, (f + vrj)'], 

[(^ + 7rjy, (7r + 7rj)2], 


I [(f + ^2^’ (arccos(l) +njY], 

\ [(tt - arccos (i) + + Trj)^], 

[(arccos { - i) + , 

[(f + ( - I) + vrj)2], 


% 




[(vrj)',(f+ 7rjT], 


j is even 
j is odd ’ 

i is even 
i is odd ’ 

i is even 
j is odd ’ 

j is even 
j is odd 


for all j G Zq = {0,1, 2,... }. Substituting these identities into the formula 

4 

LJ LJ 1 

n=ljeZo 


we obtain the third identity in fl7.21l) . Since afb{AMv) = we have the second formula in 

dZ^U). ■ 
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